We study evoked calcium dynamics in astrocytes, a major cell type in the mammalian brain. Experimental evidence has shown that such dynamics are highly variable between different trials, cells, and cell subcompartments. Here we present a qualitative analysis of a recent mathematical model of astrocyte calcium responses. We show how the major response types are generated in the model as a result of the underlying bifurcation structure. By varying key channel parameters, mimicking blockers used by experimentalists, we manipulate this underlying bifurcation structure and predict how the distributions of responses can change. We find that store-operated calcium channels, plasma membrane bound channels with little activity during calcium transients, have a surprisingly strong effect, underscoring the importance of considering these channels in both experiments and mathematical settings. Variation in the maximum flow in different calcium channels is also shown to determine the range of stable oscillations, as well as set the range of frequencies of the oscillations. Further, by conducting a randomized search through the parameter 
Introduction
Astrocytes make up approximately 50% of human brain volume (Tower and Young 1973) and are roughly as numerous as neurons in the mammalian brain (Nedergaard et al. 2003) . Filling most of the space between neurons, astrocytes are known for their passive roles in the brain, such as regulating neurotransmitter concentrations (Anderson and Swanson 2000; Zhou and Danbolt 2013) and buffering ions released during synaptic activity (Wallraf et al. 2006; Larsen et al. 2014) . Recently, astrocytes have also been shown to serve a number of active roles in the brain, including the release of neuroactive compounds (e.g. glutamate, D-Serine, ATP), which is commonly known as gliotransmission (Anderson and Swanson 2000; Wang et al. 2013; Bezzi et al. 1998; Haydon 2001; Liu et al. 2004) , mediation of the blood-brain barrier, and control of the flow of blood to brain regions based on metabolic demand (Verkhratsky et al. 2012b) . Calcium is believed to be a crucial second messenger in many of these pathways. Calcium transients are also observed experimentally after astrocytes are activated by the application of neurotransmitters, such as glutamate and ATP (Wang et al. 2012) , even though there is little consensus on the exact role of astrocyte calcium signaling in the brain.
Existing mathematical models of astrocytes helped explore some of the possible roles astrocyte calcium signals play in the brain. Specifically, models have shown that through gliotransmission, astrocytes may be able to significantly change the firing patterns of nearby neurons (Di Garbo et al. 2007; Wade et al. 2011) , alter the induction of long-term potentiation and long-term depression (De Pittà and Brunel 2016) , and have consequences for the overall network behavior (Amiri et al. 2012; Reato et al. 2012) . However, gliotransmission and other communication pathways are under active investigation and debate in the experimental community (Nedergaard and Verkhratsky 2012; Fujita et al. 2014; Haydon and Nedergaard 2015) . In the present work, we choose to focus on the detailed exploration of the calcium dynamics itself, and leave the investigation of its role in astrocyte-neuronal communication for future work.
Evoked calcium responses in astrocytes have also been the subject of some modeling studies. In most of these, as well as the model we present in this paper, it is assumed that the calcium release is triggered through the signaling molecule inositol (1,4,5)-trisphosphate (IP 3 ). The modeling has shown that astrocytes may be able to convey signal information via frequency or amplitude of calcium oscillations (De Pittà et al. 2009) , that IP 3 diffusion may mediate the synchronization of calcium oscillations in neighboring astrocytes (Ullah et al. 2006) , and that receptor stochasticity may play an important role in calcium response variability (Toivari et al. 2011) . It is important to note, however, that the models found in Ullah et al. (2006) and Toivari et al. (2011) were created in reference to experiments with bath application of agonists to cultured astrocytes (a highly idealized experimental condition), while De Pittà et al. (2009) model includes a closed-cell assumption, i.e. assumes that the total calcium level inside an astrocyte is constant.
Recently, we investigated calcium transients generated in response to a brief pulse of ATP applied near the soma and processes of an astrocyte (Taheri et al., submitted) . Based on our results and the astrocyte literature, we developed an open-cell model of astrocyte Ca responses and used the model to show that the observed response variability can be explained by differences in calcium channels and IP3 dynamics (Taheri et al., submitted) .
In this manuscript we present a more detailed mathematical analysis of this model to reveal key mathematical features underlying the diversity of responses. First, we show the bifurcation structure that allows the model to generate four main experimentally-observed response types (SinglePeak, Multi-Peak, Plateau, and Long-Lasting). We then manipulate the maximal flow through three of our included calcium channels/pumps, specifically store-operated calcium (SOC) channels, sarco/endoplasmic reticulum calcium ATPase (SERCA) pumps, and plasma membrane calciumATPase (PMCA) pumps. This manipulation mimics application of non-competitive blockers for these channels in experiments. The results reveal, surprisingly, that blocking store-operated calcium channels, which remain relatively inactive during a calcium transient, can have a large effect on the shapes of calcium transients, eliminating the occurrence of Plateau and Long-Lasting response types entirely. This analysis also explains previous results in Taheri et al. (submitted) , where we found that blocking each of the channels changes the observed distribution of calcium response types. This observation results from shortening or lengthening of the oscillatory regime in the bifurcation structure, as well as changing the frequency range of these oscillations. Further, by randomly varying channel parameters and recording the resulting calcium responses, we create a database that can be used by experimentalists to help determine the structure of their cells. Figure 1 shows a simplified schematic of the calcium activity components in our model. The corresponding mathematical model is first presented in Taheri et al. (submitted) , and the model equations can be found in the Appendix. Briefly, when membrane receptors are activated by their agonist (e.g. ATP, glutamate), it triggers a cascade of reactions, resulting in the production of IP 3 and its increased concentration in the cytosol (Agulhon et al. 2012) . After peaking within seconds, the IP 3 concentration then decays as IP 3 diffuses away or degrades (Höfer et al. 2002 ). In our model we explicitly postulate the time evolution of the amount of IP 3 as growing to a maximal level, then exponentially decaying. Fig. 1 Simplified schematic of an astrocyte and its major calcium components. Arrows show the direction of calcium flux IP 3 is then responsible for activating the calcium pathway via the IP 3 receptor (IP 3 R), which releases calcium from the endoplasmic reticulum (ER), a calcium store in astrocytes, in the cytosol. The other fluxes, J SERCA (pumping calcium back into the ER), J PMCA (pumping calcium out of the cell), J SOC (activated by ER calcium depletion), the leak flux between the ER and cytosol J ER leak , and the additional fluxes on the plasma membrane J ECS add , all play an active role in shaping the calcium transient and returning the system to steady state post-evoked response. Investigating the exact role of these fluxes is a major focus of this paper. Throughout this paper, we denote cytosolic calcium as c, total free calcium in the cell as c tot , calcium in the ER as c ER , and IP 3 as p.
The mathematical model

Calcium response types
In our recent work, we experimentally observed four distinct types of calcium responses in astrocytes after focally applying a short (<250 ms) pulse of ATP: a Single-Peak (SP) response, a Plateau (PL) response, a Multi-Peak (MP) response, and a Long-Lasting (LL) response (Taheri et al., submitted) . By only varying key IP 3 parameters (Table 1) , the mathematical model is capable of reproducing these four response types (Fig. 2) . A detailed classification method is given in Taheri et al. (submitted) . Furthermore, the general shape of the IP 3 time course and a reasonable range of IP 3 parameters (A, d rise , r rise , and d decay ; see Table 1 ) for use in our simulations is based on previous experimental (Pasti et al. 1995; Tanimura et al. 2009; Nezu et al. 2010) and modeling (De Pittà et al. 2009 ) studies, as described in more detail in Taheri et al. (submitted) . For example, the rise duration estimates vary from about 1 to 40 s and could vary between different subcompartments (soma vs. processes) of an astrocyte. The full model, as well as this classification algorithm can be found at ModelDB, (Hines et al. (2004) ; http://senselab.med.yale.edu/modeldb/default. asp; Model no. 189344).
Results
Building off our previous work focused on reproducing all four categories of experimentally-observed calcium response types (Taheri et al., submitted), we now investigate in more detail the underlying mathematical dynamics that allow for this diversity of calcium responses. We start with a bifurcation analysis of the system using the default parameters. Then, by systematically weakening or blocking specific calcium-handling mechanisms (i.e. calcium channels and pumps), we examine how this underlying dynamical landscape changes.
The default dynamical landscape: role of IP 3
Mechanisms underlying the four types of calcium responses
We first consider the SP response and the individual calcium fluxes governing it (Fig. 3a) . Before the IP 3 (black, dashed curve) input begins, the system is at rest with most of the fluxes being completely inactivated. The steady state of the system is created by a balance between the SERCA pump and calcium leak from the ER (black, dashed and light gray, dashed curves respectively). If this balance is upset, for example by blocking of SERCA pumps, it would result in a prompt emptying of ER stores, as observed experimentally (Jousset et al. 2007) .
As IP 3 is added into the system, the IP 3 receptor (IP 3 R) is activated, causing this channel to open and release calcium into the cytosol from the ER (J IP3R , black curve). This initial calcium release has a positive feedback onto the IP 3 R, and the channel opens very quickly. Consequently, the SERCA pump responds by pumping some of the newly released calcium back into the ER (J SERCA , black, dashed curve). Initially, cytosolic calcium concentration continues to rise, because the SERCA pump is unable to completely counteract the flux out of the ER through the IP 3 R. Eventually, the PMCA (gray, dashed curve) and the additional fluxes on the plasma membrane (light gray curve) begin to release calcium from the cytosol into the extracellular space (J PMCA and J ECS add ), and the cytosolic calcium concentration begins to decrease. Meanwhile, the flux through the IP 3 R is eliminated, as IP 3 concentration decreases, along with the negative feedback the receptor feels from the elevated cytosolic calcium levels. The SOC channel flux (J SOC , gray) remains largely inactive during this single calcium response, since the calcium levels in the ER do not approach the half-saturation constant of these channels (k SOC = 90). Nonetheless, this channel plays a significant role in IP 3 -induced calcium dynamics as described later in Section 3.2.
Overall, this SP calcium response causes a ∼12% decrease in ER calcium concentration (inset of Fig. 3a  top) . Although the remaining pumps and channels appear to return to steady state levels immediately after the calcium transient, the calcium concentration in the ER remains below steady state well after the calcium transient in the cytosol is completed, and is restored to >95% after approximately 10 min (not shown). During this time, the pumps and channels continue to work at low levels to completely restore the system. However, even during this refilling period, there is a sufficient amount of calcium in the ER to produce another calcium transient if the astrocyte is stimulated again. Extending our analysis now to all response types, we found that it was only necessary to vary the amplitude (A) of the IP 3 trace in order for the model to generate SP, MP and PL responses, and increasing the duration (d decay ) of the IP 3 input, results in a LL response (figure not shown). Further, our previous study found that varying all four of the IP 3 transient kinetics (amplitude (A), rise duration (d rise ), decay duration (d decay ), and the rise rate (r rise )) within a biologically vplausible range (see Section 2.1) results in similar calcium kinetics and response types (Taheri et al., submitted) . Using these results, we now propose specific mechanisms driving the MP, PL and LL calcium responses before taking a closer look at the underlying mathematical structure. The MP example trace in Fig. 3b has an IP 3 transient with the same amplitude as the IP 3 transient underlying the SP response in Fig. 3a ; however, the IP 3 Long−Lasting Multi−Peak Plateau Single−Peak . With this IP 3 transient, after the initial calcium transient is completed and the negative feedback on the IP 3 R wears off, another response, although a smaller one, is generated due to the ongoing elevation of IP 3 . The example PL response ( Fig. 3c ) has an IP 3 trace that has a higher amplitude than the SP and MP examples (with the same r rise as the SP response and d rise and d decay values lower than the MP response). The IP 3 levels underlying this PL response are high enough to be able to counteract the negative feedback onto the IP 3 receptor from cytosolic calcium; therefore, the channel associated with the IP 3 R remains open for longer, leading to an elevated calcium response. The final experimentally observed response (LL) remained sufficiently elevated for more than 70 s (figure not shown). We found that LL responses are fundamentally similar to those underlying PL responses, but have larger IP 3 amplitude and d decay , allowing for the calcium response, or elevated oscillations, to linger for a longer time. For this reason, the rest of the paper focuses primarily on the SP, MP, and PL response types.
To elucidate the mathematical structures underlying the above-described dynamics, we note that although the concentration of IP 3 is a dynamic variable, it is uncoupled from the full system and its time course is set. Therefore, if we consider IP 3 transients with a much slower timescale than the other model variables, then key features of the full model can be explained, by examining the three dimensional system consisting of only c, c tot , and h (Appendix: Eqs. (1)- (3)), while treating IP 3 as a bifurcation parameter. The bifurcation diagram of this subsystem can be seen in Fig. 3d . As illustrated in this figure, a supercritical Hopf bifurcation occurs at [IP 3 ] ≈ 0.18 (black asterisk 1) that causes the single stable steady state to transition into a stable limit cycle, shown as the gray, dot-dashed curve in the figure. This stable limit cycle is eliminated by an unstable limit cycle (light gray open circles) originating at a subcritical Hopf bifurcation at [IP 3 ] ≈ 0.35 (black asterisk 2).
With this diagram in mind, one can visualize how a stereotypical SP, MP, and PL response can be generated if the underlying IP 3 transient was on a much slower timescale compared to the rest of the system. Due to the excitability of the IP 3 R, a large enough IP 3 transient produces an initial calcium response. If the amplitude of this IP 3 transient is small enough (below the supercritical Hopf bifurcation point), the calcium levels simply return to steady state, generating a SP response. On the other hand, if the IP 3 transient amplitude goes beyond this first bifurcation point (but under the second bifurcation point), we are placed in the oscillatory regime, and if IP 3 remains elevated long enough, a MP response is generated. Lastly, if the IP 3 transient amplitude goes past the second bifurcation point, the calcium levels land on the higher steady state before decaying back to baseline; thus, a PL response is generated.
Note that the above analysis is simplified, since the IP 3 timescale in our simulations is not always slower than the rest of the system. However, this general framework proved useful in the classification of calcium responses types, and changes in the underlying bifurcation diagram will be used to explain differences between different parameter regimes.
Sustained calcium oscillations may be attained without IP 3 oscillations
The bifurcation diagram of the system suggests that sustained calcium oscillations can be generated without IP 3 oscillations, as long as IP 3 is held constant at certain levels (between the supercritical and subcritical Hopf bifurcations at 0.18-0.35 μM). This is in agreement with the work done by Li and Rinzel (1996) and Sneyd et al. (2006) , which noted that the positive and negative feedback mechanisms in the Li-Rinzel IP 3 receptor model are capable of supporting calcium oscillations. Viewing IP 3 as a slow changing parameter is realized in experiments where intracellular IP 3 concentration is fixed (e.g. uncaging experiments or, possibly, agonist bath applications), further motivating our pursuit of this analysis. Figure 3e illustrates the calcium dynamics in response to step-wise increases in IP 3 concentration. In agreement with the bifurcation diagram, sustained oscillations exists for IP 3 concentrations in the range of 0.18-0.35 μM. In addition, this figure also illustrates that steps from a lower to higher IP 3 concentration are accompanied by a brief, high amplitude transient, either in addition to the sustained oscillations or as a stand alone. We predict that such a transient would be observable experimentally. However, this transient does not occur if we step from a higher IP 3 concentration to a lower one. This result can be explained by the dynamics of the IP 3 R. When rapidly increasing the concentration of IP 3 , the IP 3 Rs quickly open, resulting in a sudden initial increase and transient as the system settles into its new steady state. But when the concentration of IP 3 is lowered, IP 3 Rs remain closed and do not contribute to a transient oscillation.
Contribution of SOC channels to the dynamical landscape
Calcium flux levels through SOC channels are low, but play a major role in shaping calcium responses
In Taheri et al. (submitted), we showed that completely blocking SOC channels significantly changed the distribution of possible response types across the range of IP 3 parameters, entirely eliminating the occurrence of PL and LL response types. We investigate this result more closely by examining the effect of a partial and complete block of SOC channels on the response types. Specifically, Fig. 4a c show that with a partial SOC block (0.20 * v SOC , gray curves), the SP response becomes shorter, the second peak in the MP response is eliminated, turning it into an SP response, and the PL response develops a second peak to become an MP response. Further, when SOC is completely blocked in these examples (light gray curves), the SP and MP responses disappear, while the PL response is reduced to a SP response.
Thus, SOC channels are instrumental in shaping calcium response dynamics, however, in the previous flux traces (Fig. 3a-c) , these channels appeared as relatively inactive during all of the calcium transients. However, the influence of SOC channels is misrepresented in these figures. Since the other fluxes work to counteract each other (i.e. J IP3R vs. J SERCA ), the following partial sum of fluxes,
has, in fact, a similar magnitude as δ · J SOC (figure not shown). As a result, eliminating the flux through SOC channels will have a larger impact on calcium transients than one might initially expect. We can also gain insight into this rather counter-intuitive result by investigating the projection of our system onto the (c, c tot ) phase space (Fig. 4d) . As the figure illustrates, J SOC plays a crucial role in shaping the underlying dynamics, particularly the shape of the c tot -nullcline. The progression of the c tot -nullcline (gray curve) in Fig. 4d from left to right, corresponding to decreasing v SOC from its default value of 1.57, shows that as v SOC is blocked, this nullcline flattens out and becomes completely vertical when v SOC = 0. Examining the equation for this c tot -nullcline, we have
The J SOC term makes this a function of c and c ER , as opposed to just c. When the SOC component is eliminated, one obtains a quartic function of c that has an unique solution, and is therefore constant for all levels of IP 3 (Fig. 4e, inset) . The background color of these figures illustrate that while v SOC has the ability to shift nullclines and reshape the direction field, calcium transients exists in the region where J SOC remains small (white background).
Additional evidence supporting the surprisingly large role SOC channels have in the model can be found by investigating the two-parameter bifurcation diagram presented in Fig. 4f , which uses IP 3 and v SOC as parameters (note log scale on y-axis). The shaded region represents the parameter regime that supports stable oscillations, and the dotted line indicates the default v SOC parameter value (v SOC = 1.57), with the gray dots representing the original Hopf bifurcation points (from Fig. 3d ). It is clear from this figure that as v SOC goes to zero, the leftmost Hopf bifurcation point increases beyond a realistic value of IP 3 , and so with zero SOC flux the sustained oscillations are not supported. However, the oscillatory region lies close to the IP 3 -axis, and, as a result, even small levels of SOC flux can move the solution across the boundary into the oscillatory region, changing the dynamics of the system. However, the oscillatory regime remain close to the IP 3 -axis, and as a result, even small values of J SOC can result in large changes in the underlying dynamics of the system.
Sustained calcium oscillations are not possible without functional SOC channels
Even though the system can only sustain stable calcium oscillations for positive values of v SOC , MP responses are still observable when v SOC = 0, though they occur through a different mechanism. In fact, Fig. 4e shows that elevating IP 3 and holding it elevated can result in such a response. These MP responses with v SOC = 0 are created by the system spiraling back to the steady state level for cytosolic calcium. These are not sustainable oscillations in a sense that their amplitude decays to zero even if the IP 3 level stays constant. As a result, this is an inherently different type of MP response than those with v SOC at the default value ( Fig. 3b and e) , where the MP response was created due to the underlying oscillatory regime in the bifurcation diagram. In addition, the bifurcation diagram found in Fig. 4e (inset) demonstrates the fact that PL and LL responses are no longer possible when v SOC = 0, since there exists no elevated steady state. Consistent with this analysis, we have previously shown that blocking SOC channels allows for only SP and MP responses (Taheri et al., submitted).
Partially blocking SOC channels increases the incidence of calcium oscillations
The two-parameter bifurcation diagram in Fig. 4f also indicates that there is a drastic difference between completely blocking and partially blocking SOC channels. A complete block will eliminate stable oscillations, whereas a partial block, such as decreasing v SOC by over 85% of its default value (v SOC = 0.2), will result in a significantly larger region of stable oscillations. This is a testable prediction that can be verified experimentally using partial blocking techniques, such as those used by Jousset et al. (2007) . This also provides a metric into the effectiveness of an SOC blocker: a more effective, though partial, blocker will have a larger regime of stable calcium oscillations, which could be potentially measured using an IP 3 uncaging technique (Kantevari et al. 2011 ).
Verification of SOC channel activation
Despite remaining relatively inactive during calcium transients, the flux through SOC channels in our model can be activated when the ER is sufficiently depleted. In fact, a common method to test for the presence of SOC channels experimentally involves completely depleting the calcium in the ER by blocking the re-uptake of calcium through SERCA blockers (Jousset et al. 2007; Roos et al. 2005; Malarkey et al. 2008) . In one such experiment, extracellular calcium is initially removed, driving some amount of calcium out of the cytosol and into the extracellular space. Then, by applying a SERCA pump blocker such as Thapsigargin (a permanent blocker), calcium is prevented from returning to the ER and therefore continues to leave the cell. Once the ER is empty (thus, activating SOC channels), calcium is introduced back into the extracellular space. This results in calcium entry to the cytosol through the SOC channel.
Our model can be used to simulate similar experimental conditions (Fig. 5 ). Beginning at steady state (Phase I), we simulate the removal of calcium from the extracellular space by setting v in = v SOC = 0 at 50 s. As seen, a slight amount of calcium is observed to leave the cytosol and enter the extracellular space (Phase II). We then block SERCA pumps by setting v SERCA = 0 at 100 s, causing a calcium spike in the cytosol via the leak out of the ER (Phase III). This causes fluxes in both the PMCA pump and ECS leak, and would eventually lead to the majority of intracellular calcium to be removed. Before this occurs, calcium is reintroduced to the extracellular space (v in = 0.05, v SOC = 1.57) and calcium rapidly reenters the cell (Phase IV). In experiments, this increase is believed to be caused primarily by an influx via SOC channels since the response is largely eliminated by knocking down the gene responsible for the creation of STIM1 proteins (Jousset et al. 2007) . Indeed, this is true in our model as well.
Role of SERCA pumps, PMCA pumps, and leak terms
Partially blocked SERCA pumps prevents oscillations
We have previously reported that blocking SERCA pumps by 50% entirely eliminates MP responses, while increasing the number of LL responses, for our given range of IP 3 transients (Taheri et al., submitted). Here, Fig. 6a-c demonstrates that blocking SERCA pumps by 50% affects the default response types in the following way: it shortens the amplitude, but increases the duration of the SP response, transforms the MP response into a PL, and flattens out the PL response. By investigating the two parameter bifurcation diagram (Fig. 6d) , now using v SERCA as the second parameter, we see in fact that oscillations are eliminated by decreasing v SERCA . In fact, 0.5 · v SERCA rests a sufficient distance away from this oscillatory regime, unlike in the SOC channel case, and the steady state is not a spiral. Furthermore, unlike the bifurcation diagram found in Fig. 4e (inset) , the single parameter bifurcation diagram for 0.50 * v SERCA (i.e. when SERCA is 50% blocked) illustrates that decreasing v SERCA does not lead to a constant value for the steady state of cytosolic calcium. Instead, it remains a monotonically increasing function of IP 3 concentration, without an oscillatory regime. Without this oscillatory regime and the steady state not being a spiral, MP response types are no longer possible, which explains why we observed a higher distribution of LL responses when SERCA channels are 50% blocked in Taheri 
Blocking PMCA pumps creates a larger oscillatory regime
We also reported in Taheri et al. (submitted) that blocking PMCA pumps fully almost entirely eliminates PL and LL responses, while the incidence of MP responses increase. Examples in Fig. 7a -c also illustrate that while blocking PMCA pumps increases the max amplitude in all three cases, the response type of the first two cases (SP and MP) remain intact. On the other hand, the PL response changes noticeably and becomes a MP response. This can be explained by the two-parameter bifurcation diagram in Fig. 7d , using IP 3 and v PMCA as parameters. Figure 7d shows that decreasing v PMCA increases the width of the oscillatory regime caused by the Hopf bifurcations. This increased oscillatory region increases the occurrences of MP responses. Figure 7e illustrates this fact by overlaying the MP calcium trace found in Fig. 7c (gray curve) with the elongated bifurcation diagram caused by blocking PMCA pumps (the gray dots on the x-axis mark the location of the Hopf bifurcation points with the default parameters).
v in and γ parameters have minor influences on calcium responses
Unlike the previous parameters, significantly changing v in (increasing by 300% and decreasing the value to 0), showed very little change in the underlying bifurcation diagram (figure not shown). However, this parameter does play a key role in setting the steady state calcium concentrations in the cytosol and the ER. Specifically, decreasing v in to 0 decreases the cytosolic calcium steady state by approximately 11%. This inward leak term implicitly represents many of the other channels not explicitly included in the model, such as TRPA channels. This channel has been shown experimentally to play a large role in setting the basal concentration of calcium (Shigetomi et al. 2012) , which is consistent with our simulations. We also investigated the effects of changing the γ , the parameter that represents the ratio of cytosolic volume to ER. This parameter helps set the total amount of free calcium in the cell, but does not change the steady state levels of calcium in the ER and cytosol. Decreasing γ 
Frequency of calcium oscillations
The intrinsic frequency of calcium oscillations are viewed as potentially crucial in regulating mechanisms such as gliotransmission (De Pittà et al. 2009; Croft et al. 2016) . As a result, in this section we investigate how the parameters v SOC , v SERCA , and v PMCA affect the range of supported frequency, known as the dynamic range, of these calcium oscillations. Building off of Sections 3.2 and 3.3, where we saw that decreasing v SOC and v PMCA , and increasing v SERCA lead to an increase in the range of stable oscillations, Fig. 8 shows how the frequency of these oscillations change.
In the first panel, decreasing v SOC sharply drops the frequency curve for a wide range of IP 3 values, shifting the oscillation to lower frequencies, while having a minor effect on the dynamical range. This further emphasizes that small changes in v SOC will result in large changes in the dynamical system. Increasing v SERCA shows a sharp initial drop in frequency, with quick rise, hence increasing the dynamic range, but leaving it centered in a similar frequency range as the default case. These frequency curves do not show the same separation as was seen with changes in v SOC . Lastly, unlike the other two parameters, decreasing v PMCA has very little effect on the underlying frequency curve.
Overall, this figure suggests that these currents can play very different roles in controlling the frequency of calcium oscillations, with PMCA pumps having no effect, SERCA pumps adjusting the width of the dynamic range, and SOC channels shifting the overall location of the dynamic range. This effect is in addition to determining the type of calcium responses the cell can support, as discussed in previous sections.
Tuning model parameters to reproduce specific experimental conditions
Experimentally, the expression levels or functional properties of the model components discussed above may be different in different astrocytes or different subcompartments (i.e. soma, large processes, small processes) of one astrocyte. For example, there may be a difference between astrocytes in the densities of their agonist receptors (which would change the resulting IP3 kinetics) or calcium channels/pumps. Moreover, these channels, pumps, and receptors may be up-or down-regulated (or may change in their functional properties) under different conditions, such as when astrocytes become reactive in disease (de Lanerolle et al. 2010; Takahashi et al. 2010) . As the figure illustrates, different boxes in the parameter space have different distributions of calcium responses. This allows us to visualize how changes in parameter values effect these response type distributions. For instance, we can quickly investigate the situation where we simultaneously increase the calcium flux through SERCA pumps and SOC channels, while keeping PMCA constant (i.e. moving diagonally within the same panel from bottom left to top right). In all three panels, we see that the number of observed MP responses increases, while PL responses decrease.
We can also examine how the distributions in each of these subspaces change with different IP 3 kinetics. Figure 10 illustrates the same 27 subspaces for low amplitude (A ≤ 0.3) IP 3 transients. For the subspaces where calcium flux through PMCA and SERCA pumps is high and SOC is constant (i.e. distributions in the top row in the third panel), decreasing the IP 3 amplitude decreases the incidence of MP responses and increases the incidence of SP responses.
Such a parameter map can be used by experimentalists to elucidate differences in calcium handling mechanisms between various astrocyte populations. For instance, the response type distribution profile of reactive astrocytes in disease, such as in epilepsy, can be compared against that of healthy astrocytes and be reproduced in the model. The model parameters that need to be modified to reproduce such calcium distributions could indicate how the expression levels and functional properties of channels, pumps, and membrane bound receptors may change in reactive astrocytes. This approach was used to explain the variability in responses of different astrocyte subcompartments (Taheri et al., submitted).
Discussion
Through bifurcation analysis and simulations, we investigated the role SOC channels, SERCA pumps, and PMCA pumps have in shaping the underlying dynamical landscape of our model of evoked calcium responses in astrocytes. Surprisingly, despite the low amount of calcium that flows through SOC channels during a calcium transient, we showed that these channels are necessary for PL and LL response types, as well as for stable oscillations. Partially blocking SERCA also eliminated stable oscillations, but PL and LL response types were observed in the system. Further, blocking PMCA pumps significantly widened the IP 3 range that supported oscillations, and thus, increased the occurrences of MP response types. We have also shown that the strength of SOC channels is a critical parameter in determining the location of the dynamical range of calcium oscillations, while the parameter corresponding to the strength of SERCA pumps has the ability to tune the width of supported frequencies. Lastly, we presented a novel method for fitting parameters of the model given experimental data of calcium response type alone. In this section, we discuss the potential physiological role of SOC channels, as well as discuss specific limitations of our model.
Analysis of calcium dynamics
Open-cell calcium dynamics have been the focus of numerous research publications (Sneyd et al. 2004; Ullah et al. 2006; De Pittà et al. 2009; Croisier et al. 2013) , and have been reviewed in Falcke (2004) , Dupont (2014) , and Dupont et al. (2016) . Building off this previous work, this paper analyzes the calcium dynamics stemming from a unique and astrocyte-specific combination of calcium fluxes and external stimulation. In addition, the model's parameters were chosen in order to capture qualitative and quantitative behavior from astrocyte-specific experiments. Further, while there has been a recent focus of some mathematical models to investigate the role of SOC channels in calcium dynamics, the field's understanding of this channel is still incomplete (Liu et al. 2010; Croisier et al. 2013) . In this work, we provide a detailed analysis of this flux and how the underlying dynamical structure is dependent on this quiet, yet influential channel. Our systematic approach to blocking and adjusting the relative strengths of individual fluxes (J PMCA , J SERCA , and J SOC ) allowed us to provide an indepth analysis of the role each of these channels have on the underlying bifurcation structure, the diversity of calcium transients, and the frequency of calcium oscillations.
Mechanism and role of SOC channels
While the expression of SOC channels has been identified in astrocytes, specifically the transient receptor potential channel, the exact mechanism allowing these channels to communicate with the ER and allow for the flow of calcium is still under investigation (Verkhratsky et al. 2012b) . Instead of modeling this complex mechanism, we focused on qualitatively capturing the characteristic that SOC channels open after calcium is depleted from the ER. Therefore, as a simplified first step, we used a reverse Hill equation to model the activation of these channels, as in Cao et al. (2014) . Store-operated calcium entry is a subject of intense ongoing research, and the model will need to be re-evaluated and updated as more data becomes available. For example, there is evidence presented in Courjaret and Machaca (2014) that in oocytes at least some fraction of calcium entering through SOC channels is transported directly into the ER, and would thus need to be included as part of ER calcium in the model. Similar mechanisms may be present in astrocytes as well, and their experimental and theoretical consequences will need to be explored in future work.
An additional delay (capturing the potential time it takes the ER to communicate with the plasma membrane) was also considered, but did not significantly change the results, primarily because J SOC remained silent during the calcium transients. Experimentally, the presence of SOC channels is confirmed via SERCA blockers that completely empty the ER (Malarkey et al. 2008) . The model suggests that this type of confirmation may be necessary, because SOC channels remain mostly silent during calcium transients. Nonetheless, despite little activity during transients, SOC channels shape the background dynamics necessary for prolonged responses.
IP 3 dynamics
Detailed, mechanistic models of IP 3 dynamics exists in the literature (De Pittà et al. 2009 ), but the necessary kinetic details of such models are unknown in astrocytes. New information is even being revealed in non-astrocytic cells, e.g. Bartlett et al. (2015) recently showed how differential regulation of intermediate steps in IP 3 creation can have a significant impact on calcium transients. The range of IP 3 transients considered here attempt to indirectly account for the uncertainty caused by the number of membrane-bound receptors that are bound and activated by ATP molecules, the duration of this activation, calcium feedback, and PKC regulation to name a few. However, our explicit function for IP 3 (Eq. (4)) is potentially missing details that would be found in experimental measurements of IP 3 concentration, and can be extended in future work.
Modeling of non-competitive blockers
To mathematically model the presence of channel blockers, we simply reduce the corresponding maximum flux term associated the channel of interest. For example, a 50% block of an unspecified channel is simply J 50% channel = J channel · 0.50. This approach includes the implicit assumption that the blockers are assumed to decrease the overall activity of the channel, while not competing directly with calcium for binding sites. Examples of such non-competitive blockers include thapsigargin and Cyclopiazonic Acid (CPA) for the SERCA pump (Plenge-Tellechea et al. 1997; Singh et al. 2005) , and eosin for the PMCA pump (Gatto and Milanick 1993) . Due to the relative novelty of SOC channels, specific non-competitive blockers have not been developed. However, genetic knockdown of the STIM1 protein, has been shown to down-regulate these channels (Jousset et al. 2007 ), which we assume to have a similar effect as a non-competitive blocker.
Higher dimensional parameter spaces
This work focused primarily on investigating how the parameters v SOC , v PMCA , and v SERCA influence the underlying dynamics of the model proposed in (Taheri et al., submitted) . Further, even though we did not vary v IP3R directly, we considered a range of IP 3 amplitudes, a parameter which has a similar effect as varying the maximum flux through the IP 3 R. However, other parameters of the model also influence the calcium response types. For example, varying the parameter a 2 , which controls the time constant of the IP 3 R inactivation variable h(t), can significantly change the type of calcium response types observed. Specifically, decreasing a 2 (effectively increasing the time constant of h(t)), prevents the inactivation of IP 3 Rs, leading most calcium responses to become SPs, while increasing a 2 leads to a faster and stronger inactivation of IP 3 Rs, allowing for MPs to become more prevalent (figure not shown). Though not completed here, the above analysis, specifically the tuning method outlined in Section 3.5, can be extended to account for variations in additional parameters. To account for a higher dimensional space, Latin hypercube sampling may be used as a more effective way to sample the multidimensional parameter distribution (McKay et al. 1979) , and an automated least squares method can be used to find the region most closely related to one's experimental calcium response type distributions.
Healthy and reactive astrocytes
While we found that the value of γ played a minor role in determining the dynamics of the model, the ratio of ER volume to cytosol volume is known to vary between healthy and reactive astrocytes. Reactive astrocytes are characterized in part by hypertrophy and up-regulation of glial fibrillary acidic protein (GFAP) (Agulhon et al. 2012) . Specifically, when the central nervous system is injured, astrocytes extend their processes and increase in volume by producing additional GFAP (Ridet et al. 1997) . While experimentally observed calcium transients vary in these two states (Aguado et al. 2002) , the model suggests that this volume ratio change is not sufficient to produce the change from one state to the other. Thus, a model of reactive astrocytes would need to account for other parameters that may be affected by this ratio change. These could include the change in density of different channels/pumps, the distance of the plasma membrane from the ER and its effects on SOC channel function, and how quickly the SERCA pump can uptake cytosolic calcium, to name a few.
